This note is to remark the large supremum norms of some Hecke-eigenforms of large squarefree levels and nebentypus of small conductors, based on the recent prominent progress by Soundararajan on the extreme central values of L-functions.
Introduction
Arithmetic quantum chaos refer to the investigation of quantum chaos endowed with arithmetic structures; in physical terms, it is concerned with the study of the semi-classical properties of quantum systems whose classical limit is a chaotic Hamiltonian system. There are many interesting problems in this subject, which are often linked to objects and questions in number theory (due to the arithmetic nature). Interested readers may pursue the articles [20, 4, 16] , etc. How the individual eigenstate localizes is one of the central topics. Under the condition of ergodic geodesic flows, almost all eigenstates become equidistributed, but on the other hand, scarrings are observed in various numerical experiments. Motivated by their result of no strong scarring on closed geodesics, Rudnick and Sarnak [19] proposed the conjecture of quantum unique ergodicity (QUE). This challenging problem and the analogue for holomorphic Hecke eigenforms are just settled ingeniously in Soundararajan [24] and Holowinsky & Soundararajan [8] . (See [22] and the webpage of AIM at "http://www.aimath.org/news/que/" for more information and the development of the breakthrough.) In addition to equidistributions, these works constitute an incentive to another vital topic-the norms of the eigenstates.
Let Γ = SL(2, Z) be the full modular group, and H be the upper half plane. Then Γ\H is a Riemannian manifold whose metric is y −2 (dx 2 + dy 2 ). The eigenstates, which are the eigenfunctions of the Laplacian Δ, are commonly known as the Maass (cusp) forms. The Hecke-Maass forms are those forms which are simultaneously the eigenfunctions of all Hecke operators. For a Hecke-Maass form ϕ j , it is shown (see [21, pp. 38-40] ) that respectively. An analogous result holds true for the holomorphic forms. Holomorphic cusp forms of (even) weight k for Γ descend to functions on Γ \ H. Under the realization H = SL(2, R)/SO(2, R), they are lifted to the unit cotangent bundle to Γ \ H and form eigenfunctions of a Laplacian Δ with the eigenvalue k(k − 2)/4. A holomorphic cusp form f is primitive if it is a common eigenfunction of all Hecke operators with the normalization T 1 f = f . In [25] , Xia proved that for any primitive form f of weight k for Γ = SL(2, Z),
where
At the first sight, the large supremum norms in (1.1) and (1.2) may not be expected in light of the equidistribution property from QUE. Interestingly some large values are found in the high horocycles. Let us illustrate with the holomorphc forms for the full modular group. A primitive form of weight k admits the Fourier series expansion
where e(x) = exp(2πix). Integrating over the horocycle m z = y, we have for y k,
Clearly it is y k e −4πy . Applying the vital inequality of Deligne |λ f (n)| d(n) n ε , we can give an upper bound via the observation that ξ k−1+ε e −4πξ is increasing on (0, ξ 0 ) and decreasing on (ξ 0 , ∞),
The lower bound in (1.2) follows by taking y = k/(4π), and it also alludes that the size of f is small over low horocycles. In addition to the eigenvalues, it was investigated the supremum norms in the level aspect. Let Γ = Γ 0 (N ) be a congruence subgroup where N is squarefree. Let {f 1 , . . . , f g } be the set of all primitive forms of weight 2 for Γ. In [1, 17] 
